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¥+ yi . loyoet:
E(z + 2) =

z;+2;:—(«/12 +(—1)2)2'z—3<:>

224+2z7=-2z-3 &
zz+2z+42z+43=0&
zz+2(z+z)+3:O<:>

—l'|zz—3<:>

x*+y?+2.2x+3=0<
X’ +)'+4x+3=0&
X’ +4x+4+y’=4-3&
(x+2)*+y* =1.
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Apa 0 YEOUETPIKOG TOTOG TMV €KOVOV TOL z Egivol 0 KUKAOG HE KEVTIPO
K(-2,0) xon axtivae p = 1.

AgVtepog TpomOG:

01 0 GUUUETPIKOC TOL TOPATAVE KUKAOL MG TPOG
Aog, 0pov 10 0 TOL €ivan onueio tov

, €XouV

LEYLOTN TIU TOV ‘Z—;

a@ov eivan ovlouyeic (dNAadN pe
KO TOWTOYPOVA OVTIOIOUETPIKE
OV TOPATAV® KOKAOL. A lvol GUUUETPIKG Ko G Tpog to KEvipo K,

A0LO V TV 1010 TETPN ¢ —2 UE TO KEVIPO. XVVEMMG Ol EIKOVEG TOVG

x=-2 x=-2 x=-2
=

(x+2)"+y* =1 y: =1 y==l1
Apo. ot apldpoi z,z OV EMTLYYAVOLV TN WEYIGTN TUYM] TOL ‘z —E‘ glvar o1

-2+i, —2—i M avtiotpoa pe e1kdveg ta onpeio A(-2,1) kou B(-2-1).
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B Tpoémog:

Eivon |z -Z| =|2yi| =2
Tote (x+2)° +)° =1< 241 xou z=2-i 1

avTicTPOPa.

B3. Aoov ‘z— [LYYAVOLV TN UEYICTN TUW)

POKVTTEL OTL z = -2 +1i

O1 yodikoi z PBpickovro 0KAo pe kévrpo K(-2,0) xon axtiva p=1 onAoon

PO TOVG LGYVEL:

|z—(2+0)|# 1< |z+2] =1

‘Eyovpe: w=2z-iow+i=2zow+4+i=2z+4ow+4+i=2(z+2)=>
=|w+d+i|=2]z+2| < |lw—(-4-i)|=2-1=2
dNAadn ot eIKOVEC TV W avi|KOLV 6€ KUKAO pe kévtpo A(-4,-1) kon axtiva p;=2.

w+i

B Tpémoc: Apov w=2z—-iow+i=2z<z=

=l |w—(-4-i)|=2

e e L)
2

‘w+i+4

Apa |z+2|:1<:>‘WT+i+2

ONA. o1 EIKOVEC TV W VKOV G€ KOKAO pe kKEVTPO A(-4,-1) Ko aktiva p;=2.
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Exoope w=2z-icow-z=z-i=w-z|=|z—i], dhad) n omndéotoon TV

EIKOVOV TOV Z Kol W givon 1o PE TNV 0
€1KOVO. TOV 1, TOL givon To onueio A(0,1).

GTOCT TNG EKOVOG TOL Z omd TV

OEMAT
I'l. Ag@ovn f eivan mopaywyioiun Oa &l
0

a1 f(x) eaivovion 6To TOPOKAT®

+00
g'(x) + 0 -
0
/') - -
/@) T

AoV 1 g(x) mapovcialel péyioto oto x,=0, to g(0)=0, Ba eivon apvnTikn
v x #0.
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Apan f'(x) eivar apvnTiki ylo ke xe R k. f | R.

.1 .o
= lim — =0, a@ov lim e* = +w.

0 e X—>+00

B. Eivou lim f(x)= lim —

x>0 x40 @¥ — ] xow ;’

Apan Cy Exer optlovTio GO UTTOTH-GTO
X

pyOeia y=0 (dEovag x'x ).

Axopn lim f(x)= lim —

oo et —]

Eivar lim

X—>—0

ocuveyn oto [0, 1] cav

dr — ! =— ! <0
2013 2013

L s<10-0)e
Cf()+1

<I.

0< Il !
WAORS

Apa g(1)>0 omodte amo o 0. Bolzano vrdpyet tovidyiotov pia pila g g(x)=0

oto (0,1).

H piCa eivon povaduen yarin g(x) T [0,1] apov:

g'(x)=2- 0 agol 0< <1.

1 1
o+l F()+1
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OEMA A
Al. Emedn yw v mopayoyicyun fx) oto [0;+ o) 1oxver f'(x)>0 Oa eivon flx)

A2.

. < =
ul X
Onwg yia &0etvon K'(6) > 0’

yvnoimng avéovcsa 610 [0,+©), omdte Yo' k@be x > 0 &yovpe f(x)> f(0)=1>0.

[0,+ ), cav dapopd Tapaywyio
Apa K(x) T [0,+), K (x) > K(0)=0 yia x>0.

Eivan K(0)=G(0)-0=
Apa vy k6O x

TETO0  (OTE,

TpoOmog: Apov G 000 Qopég mapaywyiciun Ba eivon G* cuveyng onoTe:

40e >0 1oyvet:
G't)>1<G'{)-1>0.

Apa yio x>0 Ba givon IOX(G’(t) ~1)dt >0 < [G(1) —t]: >0

& (G(x)-x)—-(G(0)-0)> 0 <= G(x) > x.
['a x=0 woyver Tpopavag cav 16otnta. Apa G(x)=>x yia kKabe x >0.

I'vopiovpe 611N f(x) eivon Tapayoyicun dpa kow cvvexng oto [0, +c] omdte n
ocovaptnon F(x)= J'Ox f(Hde Ba elvon Topaywyiocyun apa Ko coveyns. Anioon
lim F(x) = F(0) = 0.
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(=) - :
. ' el Inx e x . —F*(x)
Apa Lliré[F(x) lnx] = Llir(} T =lim i

P (P 10
x—0 x.f(x) x—0 X

lim 2F (x)-F'(x) '

x—0 1

Hoyéon f (&) Iné+ —===

S

A3. . 'Exovpe yiorx

f @) FE)+1(

(/@) Fx) =((G)21)-[Gex)-x]) &
< f(x) - F(x)=(G(x)—x)-(G'(x)-D+c.
['a x=0 &yovpe:
£(0)-F(0) = (G(0)— 0)-(G'(0) 1)+ ¢ > 1-0=0+c <> ¢ = 0.
Anrodn:
J(x)F(x)=(G(x)-x)-(G'(x)-1) < 2 f (%) F(x)=2(G(x) - x)-(G'(x) - 1) <
©2F'(x)- F(x) = 2G(x) - x)-(G(x) -x) & (F*(®)) =(Gx)-x?) &
& F(x)=(G(x)-x)’ +c.

INa x=0 &yovpe:
F?(0)=(G(0)~0))’ +c < 0=0+c<c=0
Anhadn  F?(x)=(G(x)-x)’ © F(x)=G(x)—x, oo gival cuveyeic Ko
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F(x)=0 xa1 G(x)=x vy kdbe x>0 ond to epdtnUa Al.

y_F(xo):F,(Xo)(x'xo)Qy: (1)
H epantopévn g Cg oto (X, G(Xe
y=Gx) =G'(x)(x—x)) & y Gx,)  (2)
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Yroioyilovpe 10 epfadov tov tprydvov ABI, ypnoipomoiwvrag tov tHm0

1
E=—-p-v.
57

To vyog eivan | amdoTOGN TNG KOPY A, mov givar To onueio TouNG TV
EQATTOUEVOV, OO TNV TAELPA

onueio tov d&ova y'y, N amdGTAC
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